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Abstract 



We consider non-vanishing boundary conditions (NVBC) for the NLS model [TJ [5J in the context 
of the hybrid dressing transformation and r-function approach. In order to write the NLS model in a 
suitable form to deal with non- vanishing boundary conditions it is introduced a new spectral parameter 
in such a way that the usual NLS parameter will depend on the afhne parameter through the so-called 
Zukowsky function. In the context of the dressing transformation the introduction of the afhne parameter 
fT^ , avoids the construction of certain Riemann sheets for the usual NLS spectral parameter. In this way one 

^ , introduces a Lax pair defined for the new spectral parameter and the relevant NVBC NLS r functions are 

. obtained by the dressing transformation method. We construct the one and two dark-soliton solutions 

■ explicitly. 
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The nonlinear Schrodinger model (NLS) with vanishing or non-vanishing boundary conditions is physi- 
cally significant since it appears in many applications ranging from condensed matter to string theory (see 
e.g. [1]). The NLS model and its multifield extensions is an integrable system (see e.g. [5] and references 
therein). Here we provide the affine Kac-Moody algebraic formulation of the NLS model suitably written 
for nonvanishing boundary conditions and the hybrid of the dressing and Hirota methods is used to obtain 
dark soliton solutions of the model. 

The convenient form of the NLS for dealing with non-vanishing boundary conditions, which support 
dark-soliton like solutions [B], can be written as 

5tV + 5..V-2(|VI'-p')V' = 0. (0.1) 

This form of NLS model is supplied with the non- vanishing boundary conditions given by [TJ [SJ [3] 

p = real const., e = e'^ . (0.2) 

pe^, X +00 

In order to give a group theoretical construction of the system above, let us consider the Lax pair A and 

B 

A = + ^+El + ^-E°_ + $iC, (0.3) 

B = + ^+El + ^-El+d^'^+El-d^'i/-E"_-2{^+^- - p^)H° + ip2C, (0.4) 

where ipi and (p2 are the fields of the sl{2) NLS model and the potential A and B lie in the sl{2) affine 
Kac-Moody Lie algebra. The Lax pair in (|0.3p - (|0.4p provided with the zero-curvature condition 

d^B - dtA -[A,B]^0, (0.5) 

furnishes the model (|0.ip provided that the following transformation t ^ it.x ^ ix, ijf± *±eT2^ and the 
identification ijj = 5'+ = (^f^)*, are made. The factor e^^ is introduced for later convenience and * means 
complex conjugation. It was considered ^'(j'^'o = ^P^- 

The vacuum solutions to be considered are the ones of constant configuration, ~ pe^^, ^1 — 'P2 ~ 0; 
so, the vacuum fields Ay and By from (|0.3|) - (l0.4p are 

Av ^H^ + pe-'^E% + pe^E^l , By ^ + e^^pE\_ + e^pEl . (0.6) 

The vacuum connections can be written in the form 

i;^ = a^^f^r-i, Bv = dt'^'^-\ (0.7) 

where ^' is the group element 

= (I + /C+S+ -fc-£;_)e"^'^'"='e*'"^^ (0.8) 
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with being constants, I the identity matrix and E±, Pauli matrices. The connections in ()0.7p are 
called pure gauge solutions and are solutions of the zero-curvature condition (jO.Sp . 

Considering a 2 x 2 matrix representation for (jO.Sp in sl{2) algebra, it is possible to write certain rela- 
tionships between the parameters fc"*", fc~, Ci and A 



The relationships in (|0.9p show that Q and k assume two possible values in terms of A, this requires the 
construction of Riemann sheets. 

Here it is introduced an affine parameter ^ such that the functions 



K — i {i"^ — , k 



(0.10) 



become single valued in terms of ^. The function C(^) above is known as the Zukowsky function. 

The appearance of an afhne parameter motivates us to introduce a new spectral parameter associated 
with the potentials A and B 

A = - p^H-^ + ^+E'l + ^-E"_+ipiC, (0.11) 

+ d^'^+E'l-d^^+E'^l-2^+^-H° + tp2C. (0.12) 

The potentials (jO.lip and ()0.12p written in terms of the new spectral parameter ^ describe the NLS model 
(jO.ip when the zero-curvature condition (jO.Sp is used. So, the vacuum connections corresponding to (jO.lip 
and (|0.12p are given by 

Av = H^-p'^H-^+pe-^El+pe^E'L, (0.13) 

Bv - H' + p''H-^ + pe-\El-p'EZ^)+pe^{El-p^EZ^)-2p^H''. (0.14) 

Notice that these potentials are deformations of the ones in (|0.6p . 
In terms of the new spectral parameter ^, ()0.8p takes the form 

where 

P = 1- pe-^E-^ + pe^Ez\ P'^ = — 3_ (i + £-2p^-i _ g2^£;-i) . (o.l6) 



l + fr 



When p ^ one has ^ ^ A, which implies that P ^ I. 
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1 The dressing transformation 

The dressing transformations are non-focal gauge transformations that act on the fields of the model pre- 
serving their gradation structure; they are made with the aid of two group elements 8+ and 0_, such 
that 

B b'' = e±m^^ + dt&±e±\ (i.i) 

It is assumed the generalized Gauss decomposition 

= (^/i^--!)^ = ei^M~^iV. (1.2) 

The vector tau function f{x, t) is defined by [7] 

T{x,t) = {^h^-^)\\o) =QZ^M-^\\o). (1.3) 
Once the highest weight state |Ao) is an eigenstate of go subalgebra, it is possible to define 

TQ{x,t) ^ M-^\\a) - |Ao)fo(a:,t), (1.4) 
where fo(x,t) is a function described by 

fo(x,t) = (AoK^-Zi^-ij^lAo). (1.5) 

Using p.3p and p.Sp one finds 

e=^|A„) = (1.6) 

Replacing the fields Ay and iJy, in the form given in (|0.6|1 . into the dressing transformation p.ip . one 
gets 

i'' = Q^{H^ - p'H-^ + pe-'^El+ pe'E'L)Q-_^ +d^Q-QZ^ (1.7) 

+ p€^{El_ - p^EZ^) - 2p^H°) e_ + dtO-QZ^ (1.8) 

where 0_ — exp (X]n>o ''^-") ' ~ exp((7o) and TV — exp (X]r!>o^") • possible to find some of the 
components, say (T_i, i7_2, in terms of the fields ip\ and (/32 

(T_2 = -crt2^+^ + (1.10) 

one finds 5a;Cr° ^ = 2(*+*- - p^), a% ^ -d^-^^ -I- \a\^^ , ipi = -^cr° ^ and = -(T-2- So, with the 
aid of (|1.6p the solutions in the orbit of the vacuum are given by 



where the functions are defined by 



{Xo\El (M'/ivI/-i)_JAo), 
{Xo\El{^h^-')^^\Xo). 



(1.12) 
(1.13) 



According to the dressing method, the sohton solutions are determined by choosing convenient constant 
group elements h. 



1.1 The 1-dark soliton solution 

Let us choose the group element h = , F — J2'^=-oci ^i^-^'i the relevant r functions are 

T° = l + e-'^i(Ao|PFF-i|Ao), 
r+ = e-'P-{\^\El{PFP-^)\X^), 
T- = e-^XAo|i?|(PFP-i)|Ao); 



(1.14) 
(1.15) 
(1.16) 



so the equations (|l.lip provided the matrix elements in (|1.14p . p.lSp and (|1.16p . furnishes the solution 



+ _ 



flie 



1 + oiz^Je~¥'ipe-2(,y2 ^_ 



(1.17) 
(1.18) 

liy^c ^-pt -yi^i T p- )) 

where ai is a free parameter and ipi = {^{v + f ) + t{v'^ — ^2)^ This is just the one dark-soliton solution. 
The relevant matrix elements can be obtained with the aid of the one level vertex operator or the integrable 
highest weight representations of the sl{2) Kac-Moody algebra. Similarly, one can set h = e'-^, where 
^ = S^^-oo III this way one can get another one dark-soliton solution. In order to get insight 

into the 'dark'-soliton evolution let us plot the function (^'+^1'^) for two successive times. The figure 1 is 
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Figure 1: 1-dark sohton evolution for two successive times showing the NVBCs. 

plotted for oi = —2; vi = 1.9, e = l,p = 2, 61 = —1.8, and ci ~ 0.5. Notice the nonvanishing boundary 
condition for the fields at a; — + ±00 in the figure above. 
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1.2 The 2-dark soliton solution 

In order to obtain 2— soliton solution it is chosen h — e^e'^ . The relevant r functions become 



r° = l + aie-'^i(Ao|PFP-i|Ao)+a2e'i'(Ao|PGP-i|Ao 



-(Ao|PFGP-i|Ao), 



(1.19) 



6ie-'^i(Ao|Si(PPP-i)|Ao)+fo2e''MAo|Si(PGP-i)|Ao)+fe3e"^-'^^(Ao|Si(PFGP-i)|Ao), (1.20) 



T = cie 



=i(Ao|i?|(PPP-i)|Ao)+c2e''i(Ao|i?i(PGP-i)|Ao)+c3e''i-'^i(Ao|i?|(PPGP-i)|Ao). (1.21.) 



As usual the matrix elements above can be computed through the relevant highest weight representation of 
the affine Lie algebra, however one can avoid those calculations by writing these matrix elements as certain 
constant parameters which must be determined by direct replacement of the solutions into the relevant 
equations of motion. These cumbersome computations can be made with the aid of a program such as 
MAPLE. So, one gets the solutions and V'" given by 



and 

V'- 



aie 



a2e ' 



pe 



"2"1 pe-2(^^_„j)(p4+^2„J_^p2(^2_^„J)) e e 



{p'^{vl-m\Y-2p^uimi(ml+vl)+ulrn\{mi+vl)+p'^(ul~m'{y)p^e-'^ 
^ ^^^^ ~raia2l^ipe mlp^t--i(mi~ui)(pi + ulmi+p'^(mi+,jl))^ ^ 
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(p^+uimi)^aia2i^fe~'^ie^i 



pe-^{i^^+p^) p^+m'i (p^(vl~ml)^-2p'^uimi(ml+ul)+wlml(mi+vl)+p'^(ul-m\f)p'^t-^ 

where Lpi = x{vi + ^) + {vi — ^)t, rji = x(mi + ^) + {ml — p'^ /m\)t, and r2 = pe^ . The corresponding 
2-dark soliton evolution can be visualized by plotting the function {t]Atl>^) for certain parameter values (see 
Fig. 2). 
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Figure 2: 2-dark soliton evolution for three successive times. 
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